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The variational proMem of determining the optimum (with respect to 
weight) profile of a radiating disk is formulated and solved. The results 
of a computer calculation are presented. Radiating disks of constant 
thickness, triangular profile and optimum profile are compared in 
terms of weight. 

T h e r e  have been  n u m e r o u s  s tud ies  of v a r i o u s  r a -  
d i a to r  e l e m e n t s  fo r  d i s s i p a t i n g  hea t  under  vacuum 
condi t ions .  F l a t  f ins  of v a r i o u s  shapes  have been  
thoroughly  i nves t i ga t ed  [1-4] ,  but the s a m e  cannot 
be sa id  of r a d i a t i n g  d i sks .  In [5], which is  conce rned  
with r a d i a t i n g  s u r f a c e s ,  only the  p r e m i s e s  for  the 
fo rmula t ion  of the p r o b l e m  of a s y s t e m  of r a d i a t i n g  
d i sks  a r e  given.  In [6] the  p r o b l e m  of d e t e r m i n i n g  
the d imens ions  of a d i sk  of cons tan t  t h i cknes s  and 
op t imum weight  is  f o r m u l a t e d  and the da ta  needed  for  
the ca lcu la t ion  a r e  p r e s e n t e d .  

The p r e s e n t  p a p e r  i s  a deve lopmen t  of [6] and 
inc ludes  the fo rmula t ion  and so lu t ion  of the v a r i a t i o n a l  
p r o b l e m  of d e t e r m i n i n g  the p ro f i l e  and d imen s ions  
that  wil l  give the m i n i m u m  r a t i o  of d i sk  weight  to 
r a d i a t e d  heat .  The s t a r t i n g  da ta  a r e :  the r a d i u s  (R) of 
the i n t e rna l  opening of the  d isk ,  the t e m p e r a t u r e  (To) 
at  the su r f ace  of the in t e rna l  opening,  the quant i ty  of 
hea t  (Q) r a d i a t e d  by the  disk ,  the t h e r m a l  conduc t iv i ty  
and dens i ty  (~, p) of the  d i sk  m a t e r i a l ,  and the e m i s -  
s iv i ty  (e) of the r a d i a t i n g  su r f ace .  

In [6] on the b a s i s  of a c o n s i d e r a t i o n  of the hea t  
ba lance  fo r  an e l e m e n t  x d x d a  of the d i sk  under  condi -  
t ions  of z e r o  ambien t  t e m p e r a t u r e  (Fig .  1) and the 
e x p r e s s i o n  fo r  the r e l a t i v e  weight  of the  d i sk  (7 i s  the 
r a t i o  of d i sk  weight  to r a d i a t e d  heat) ,  i t  was shown 

h 

tha t  the r e l a t i v e  weight  of the r a d i a t i n g  d i sk  is  a p rod -  
uc t  of two f a c t o r s ,  the  f i r s t  of which depends  only on 
the s t a r t i n g  da ta :  
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Here ,  170 is  the r a d i a t i n g  p e r i m e t e r  at  the base ;  in 
our  case ,  II 0 = 4rR; ~o = F x / F  0 i s  the r a t i o  of the 
c r o s s - s e c t i o n a l  a r e a  of the  d i sk  in sec t ion  x to the 
c o r r e s p o n d i n g  a r e a  at  the  base ;  c, the conduct iv i ty  
p a r a m e t e r ,  i s  g iven by the e x p r e s s i o n  

ec T~0H 2 IIo 
c = XF ~ (1) 

and Q, the e f f i c i ency  of the d isk ,  e x p r e s s e d  by the 
f o r m u l a  

t 

= .t (1 + kt )O'dt ,  (2) 
0 

is  d e t e r m i n e d  by so lv ing  the non l inea r  d i f f e r en t i a l  
equat ion 

d (cp d O/d t) 
dt c (1 + kt) 0 4 (3) 

with the boundary  condi t ions  0 = 1 a t  t = 0 and d 0 / d t  = 
= 0 a t t = l .  

In e x p r e s s i o n s  (2) and (3), 

0 = T / T  o, k ---- H / R  and t = x /H,  

w h e r e  T is  the t e m p e r a t u r e  of the d isk .  
The need  to r a d i a t e  a g iven quant i ty  of  hea t  i m p o s e s  

the addi t ional  condi t ion  

k~ Q 
~ T~ rloR - q" ( 4 )  

The quant i ty  q c h a r a c t e r i z e s  the hea t  load  on the r a d i -  
a t ing  p e r i m e t e r  of the  ba se  of the  d i sk  and, in the  
op t im iz a t i on  p r o b l e m ,  i s  given.  

Thus,  we may  conclude  tha t  the so lu t ion  of the  
p r o b l e m  of d e t e r m i n i n g  the p r o f i l e  and d imens ions  
of the d i sk  of m i n i m u m  weight  depends  only on the 
quant i ty  q and r e d u c e s  to f inding the funct ion cp and the 
p a r a m e t e r s  c and k that  m i n i m i z e  the funct ional  

I 

~ ~ d t  
O =  o ( 5 )  

"C~3c 

Fig. i. Disk geometry. with constraints (i)-(3) and (4). 
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Fig.  2. Geometr ic  and weight c h a r a c t e r i s t i c s  
of r ad ia t ing  disks:  1) disks of constant  th ick-  
nes s ;  2) disks  of t r i a n g u l a r  profi le;  3) disks 
of op t imum profi le ;  4) ra t io  of the weight of 
disks of constant  th ickness  to the weight of 
co r r e spond ing  disks of op t imum prof i le ;  
5) ra t io  of the weight of disks of constant  
th ickness  to the weight of disks of t r i a n g u l a r  
profi le ;  6 ) r a t i o  of the weight of disks of 
t r i a n g u l a r  prof i le  to the weight of disks of 

op t imum prof i le .  

It is not poss ib le  to solve this  p rob lem analy t ica l ly .  
Ins tead we use  one of the d i r ec t  methods of solving 
va r ia t iona l  p r o b l e m s - - t h e  method of g rad ien t s  [7]. 
This method r e q u i r e s  that  the fo rm of the sought 
ex t r ema l  be given. In our  case,  it  is convenient  to use  
a funct ion of the following fo rm:  

a~ - - a z  - - a s t  

tp --  1 - - a s  ' 

The coefficients  al ,  a2, and a 3 a re  found f rom the 
condit ions 

%=, = ~ ,  (P~=I = ~; and (P;=0 = %" 

The max imum of funct ional  (5) was de t e rmined  on 
an M-20 computer .  Since the n u m e r i c a l  machine  so lu -  

Table  i 

Coefficient of the Opt imum Prof i le  Funct ion  

Value  o f  coe f f i c i en t s  fo r  q equa l  t o :  
Coeff i -  
c ien t  i0 ,0  

6I 1 
a~ 

a3  

o75 I 1.25 I I 5.o I 75 

023911 0.3250 053751 0.70001 09080 
0.576910.6871 0.86990.94920.9948 

�9 - - 0 . 2 4 9 7  - - 0 . 0 9 4 8  --0. 3421 [ .--0.3653 --0,3337 

0,95 
0.9987 

--0. 0488 

t ion does not admit  a va lue  of zero  for  the funct ion ~o, 
0.01 was taken, ins tead  of zero ,  as the m i n i m u m  value  
of that  function.  This does not have any apprec iab le  
effect on the op t imum prof i le  and d imens ions  of the 
disk. 

The ca lcula t ions  show that,  for the r ange  of va lues  
of q considered,  the op t imum prof i le  is c ha r ac t e r i z ed  
by ~ = 0 a n d  ~k =0"01" 

Table  1 and Fig.  2 show the r e s u l t s  of solving the 
va r ia t iona l  p r ob l e m in the fo rm of the dependence on 
q of: the coeff ic ients  aj, a2, and a~; the quanti ty k, 
c h a r a c t e r i z i n g  the th ickness  of the disk at the base;  
and the quant i ty  ~, c h a r a c t e r i z i n g  the r e l a t i ve  weight 
of the disk. The r e l a t i on  between z and the th ickness  
of the disk at the base  (ho) is  given by the fo rmula  

ho 2 (Q/H~ Z, 
Leo T~ 

The va r i a t ion  of the th ickness  of the disk along the 
rad ius  is  c ha r a c t e r i z e d  by the r e l a t ion  

h/ho ~ ~/(1 q- kt). 

The n e c e s s a r y  data for cons t ruc t ing  the op t imum p r o -  
f i le  a re  p r e sen t ed  in Table 2. 

To compare  rad ia t ing  disks of op t imum prof i le  with 
disks of other  s in lp le r  prof i les ,  we plotted (Fig. 2) 
curves  cha rac t e r i z ing  the l ea s t  weight and op t imum 
d imens ions  of r ad ia t ing  disks of cons tant  th ickness  
and disks of t r i a n g u l a r  prof i le .  The compar i son  shows 
that  going over  f r o m  disks of cons tan t  th ickness  to 
disks of t r i a n g u l a r  p rof i le  makes  it  poss ib le  to r educe  
the weight  of the disk by a fac tor  of 1.1.-1.4 in com-  
pa r i son  with a disk of t r i a n g u l a r  prof i le ,  and by a 
fac tor  of 1 .9 -2 .9  in  compar i son  with disks  of cons tant  
th ickness .  In this case,  the g r e a t e r  the heat  that the 
disk mus t  rad ia te ,  the g r e a t e r  the advantage in weight. 

Table  2 

Var ia t ion  of Rela t ive  Thickness  of Disk of Opt imum Prof i le  a long 
the Radius 

Rat io  h / h o  fo r  q equa l  t o :  
t 

0.75 1.25 2.5 5.0 7 .5  10.0 

0 
0.I 
0.2 
0.3 
0.4 
0,5 
0.6 
0,7 
0.8 
0,9 
1.0 

1.0000 
0,6736 
0,4502 
0,2961 
0,1896 
0.1166 
0.0676 
0.0360 
0.0170 
0.0072 
0.0042 

1.0000 
0.6466 
0.4205 
0.2713 
0.1714 
0.1044 
0,600 
0.0316 
0.0147 
0.0060 
0.0033 

1.0000 
0,5972 
0,3711 
0,2331 
0.1449 
0.0874 
0.05OO 
0.0261 
0.0119 
0.0046 
0.0023 

1.0000 
0.5271 
0.3074 
0.1861 
0.1131 
0.0673 
0.0380 
0,0197 
0.0089 
0.0033 
0.0016 

1,0000 
0.4848 
0.2734 
0.1630 
0.0983 
0.0583 
0.0329 
0.0171 
0.0076 
0.0028 
0.0013 

1.0000 
0.4505 
0.2468 
0.1450 
0,0867 
0.0511 
0.0288 
0.0149 
0.0066 
0.0024 
0,0011 
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